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ALGEBRAIC CAPACITIES
B. WORMLEIGHTON
Black lives matter.
Abstract. We study invariants coming from certain optimisation problems for nef divisors on sur-
faces. These optimisation problems arise in work of the author and collaborators tying obstructions
to embeddings between symplectic 4-manifolds to questions of positivity for (possibly singular)
algebraic surfaces. We develop the general framework for these invariants and prove foundational
results on their structure and asymptotics. We describe the connections these invariants have to
Embedded Contact Homology (ECH) and the Ruelle invariant in symplectic geometry, and to min-
max widths in the study of minimal hypersurfaces. We use the first of these connections to obtain
optimal bounds for the sub-leading asymptotics of ECH capacities for many toric domains.
1. Introduction
Algebraic capacities are invariants of a polarised algebraic surface that arose from work of the
author and collaborators [4,34,35] to study symplectic embedding obstructions using techniques
from algebraic geometry. In this paper we develop the general framework to incorporate these
invariants into thewider setting of algebraicpositivity [23,24]. Algebraic capacities also connect to
other areas of mathematics such as minimal hypersurfaces, convex optimisation, and symplectic
geometry as already mentioned. We utilise some landmark ideas and results in these fields
to inspire structural results for algebraic capacities in purely algebro-geometric terms. We
will especially press into the connection between algebraic capacities and Embedded Contact
Homology (ECH) to produce refined information about symplectic embedding obstructions and
their asymptotics using algebro-geometric methods.
1.1. Algebraic capacities as positivity invariants. Throughout the paper a
weakly polarised / pseudo-polarised / polarised surface
means a pair pY, Aqwith Y a normal projective algebraic surface and A an R-divisor on Y that is
big / big and nef / ample
and Q-Cartier. Adjectives applied to pY, Aq are understood to apply to whichever of Y or A
it makes sense for them to apply to. For instance, a polarised smooth surface pY, Aq is a pair
consisting of a smooth projective algebraic surface Y and an ample R-divisor on Y.
Definition 1. Given a weakly polarised surface pY, Aq the kth algebraic capacity of pY, Aq is
c
alg
k
pY, Aq :“ inf
DPNefqcpYq
tD ¨ A : χpDq ě k ` χpOYqu
where NefqcpYq denotes the set of nefQ-Cartier Z-divisors on Y.
The infimum is always attained and, in many situations, agrees with the infimum taken over
all nefQ-Cartier Q- or R-divisors on Y. Some natural questions are the following:
‚ how does calg
k
pY, Aq vary as A moves in the big cone of Y?
‚ if rY Ñ Y is a resolution of singularities, how are calg
k
pY, Aq and calg
k
prY , rAq related?
‚ what are the (sub-leading) asymptotics of calg
k
pY, Aq as k Ñ8?
‚ what do optimisers for calg
k
pY, Aq look like?
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We will give answers to each of these as part of the process of building a framework for
algebraic capacities, which we summarise here.
Theorem 1 (Prop. 3.1 + Cor. 3.2). Suppose Y is a projective Q-factorial surface. For each k the function
c
alg
k
pY, ¨q : A ÞÑ calg
k
pY, Aq is continuous on the big cone of Y. Moreover, there is a locally finite chamber
decomposition with respect to which c
alg
k
pY, ¨q is piecewise-linear. In §3.2 we describe how to relate the
values of c
alg
k
pY, ¨q on certain walls of the nef cone to algebraic capacities on the corresponding contractions
of Y.
Theorem 2 (Thm. 4.2 + Prop. 4.19). Suppose pY, Aq is a pseudo-polarised surface with Y either smooth
or toric. Then
lim
kÑ8
c
alg
k
pY, Aq2
k
“ 2A2
That is, c
alg
k
pY, Aq grows like
?
2A2k. We define error terms
e
alg
k
pY, Aq :“ calg
k
pY, Aq ´
a
2A2k
Theorem 3 (Thm. 4.10 + Prop. 4.20). Suppose pY, Aq is a pseudo-polarised surface with Y either smooth
or toric. If A “ qA0 for some q P Rą0 and some big and nef Z-divisor A0 then
lim sup
kÑ8
e
alg
k
pY, Aq “ gappY, Aq ` 1
2
KY ¨ A and lim inf
kÑ8
e
alg
k
pY, Aq “ 1
2
KY ¨ A
for some constant gappY, Aq associated to the pair pY, Aq. When A is not of the type described above, if in
addition ´KY is effective then
e
alg
k
pY, Aq ď MpAq
where MpAq is an explicit upper bound depending only on and varying continuouslywithA. In particular,
MpAq is independent of k.
Note that ´KY is effective for all toric surfaces. Intuitively one might expect optimisers
for c
alg
k
pY, Aq when k is large to ‘resemble’ large multiples of A; for instance, one can view
the optimisation problem defining algebraic capacities as a sort of isoperimetric problem. We
formalise this intuition as part of the proof of Thm. 2 and Thm. 3.
For each polarised surface pY, Aq there is a kind of ‘Frobenius problem’ (c.f. [1]) asking the
following: what do the sets
tcalg
k
pY, Aq : k ě k0u
look like as k0 becomes large? If A is a Z-divisor, we say that pY, Aq is tightly-constrained (c.f. [34,
Def. 5.3]) if there exists k0 such that
tcalg
k
pY, Aq : k ě k0u “ Zěx
for some x P Zě0.
Theorem 4 (Cor. 4.17). If Y is smooth and A is a big and nef Z-divisor, then pY, Aq is tightly-constrained
if and only if
(˚) inf
DPN1pYq
tD ¨ A : D ¨ A ą 0u “ 1
If Y is toric, then pY, Aq is tightly-constrained if and only if A is a primitive Cartier divisor.
The infimum (˚) is equal to the constant gappY, Aq from Thm. 3. Finally, we find explicit
eventual expressions for the counting function for algebraic capacities: the cap function
cappY,Aqpxq :“ #tk : c
alg
k
pY, Aq ď xu
3Theorem 5 (Prop. 4.22). Suppose that pY, Aq is a pseudo-polarised surface with Y either smooth or toric.
Suppose that A is a Cartier divisor on Y. Then there exist γ0 , . . . , γA2´1 P Q such that for sufficiently
large x P Zě0
cappY,Aqpxq “
1
2A2
x2 ` ´KY ¨ A
2A2
x ` γi
where x ” i modA2.
This also expresses the cap function of pY, Aq as a kind of multigraded Hilbert function. We
expect there to be generalisations of most of these results to other mildly singular surfaces such
as surfaces with rational singularities (including orbifolds).
While the remainder of the introduction will focus on applications of algebraic capacities to
problems in other fields, we comment that algebraic capacities are intriguing invariants in their
own right, and that we anticipate they will interestingly relate to other quantities in algebraic
positivity. For example, in [4] c
alg
1 pY, Aq is shown to upper bound theGromovwidth ofY in many
situations and hence from [27, Cor. 2.1.D] we see that the Seshadri constant εpY, Aq [23, §5.1] is
often bounded above by c
alg
1 pY, Aq.
1.2. Algebraic capacities and symplectic embeddings. We outline the connections of algebraic
capacities to EmbeddedContact Homology (ECH) and symplectic embeddings. ECH is a homol-
ogy theory associated to any symplectic 4-manifold pX, ωq that produces an increasing sequence
of real numbers
cECH
k
pX, ωq
called theECHcapacitiesof pX, ωq. Theyhave, amongotherproperties, cECH
k
pX, ωq ď cECH
k
pX1, ω1q
when there is a symplectic embedding pX, ωq Ñ pX1, ω1q. By a symplectic embedding we mean
a smooth embedding ι : X Ñ X1 such that ι˚ω1 “ ω. In this sense the ECH capacities obstruct
symplectic embeddings and in some cases these obstructions are sharp [8, 26].
We state the main connections between algebraic capacities and ECH from [4, 34].
Theorem 6 ( [34, Thm. 1.5] + [4, Thm. 1.3]). Suppose pX, ωq is a star-shaped domain such that its
interior symplectically embeds into a polarised smooth or toric surface pY, Aq regarded as a symplectic
manifold (or orbifold) with symplectic form Poincaré dual to A. Then
cECH
k
pX, ωq ď calg
k
pY, Aq
If XΩ is a rational-sloped convex toric domain (see Def. 5.1) and pYΩ , AΩq is the polarised toric surface
corresponding to Ω then
cECH
k
pXΩq “ calgk pY, Aq
Some of the main value of these connections that we will capitalise on in the present work
is that there are often additional computational tools available to study algebraic capacities,
especially in situations where the nef cone is well-behaved [18].
The analog to Thm. 2 in the symplectic context is known as the ‘Weyl law for ECH’ [10,
Thm. 1.1]. As a consequence of Thm. 2 and Thm. 6 we recover the Weyl law for rational-sloped
convex toric domains using algebraic methods.
A more novel application that algebraic capacities offer to ECH capacities is in studying their
sub-leading asymptotics. Using the Weyl law for ECH one defines error terms by
ekpX, ωq :“ cECHk pX, ωq ´
b
4 volpX, ωqk
It is believed that ekpX, ωq is Op1q for all compact symplectic 4-manifolds, though the best known
bounds are of the form Opk1{4q. We can use the previous results on the sub-leading asymptotics
of algebraic capacities to locate an optimal bound for many toric domains.
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Theorem 7 (Prop. 5.14). Suppose XΩ is a rational-sloped convex toric domain. If Ω “ qΩ0 for some
q P Rą0 and some primitive lattice convex domain Ω0 (see Def. 5.1), then
lim sup
kÑ8
ekpXΩq “ q ` 1
2
ℓZ2pBΩq and lim inf
kÑ8
ekpY, Aq “ 1
2
ℓZ2pBΩq
where ℓZ2 is the lattice length. If Ω is not of the type described above, then
ekpXΩq ď MpΩq
where MpΩq is an explicit upper bound depending only on and (in some sense) varying continuously with
Ω. In particular, MpΩq is independent of k.
Hutchings conjectured [21, Conj. 1.5] that ekpXΩq converges for ‘generic’ Ω – the cases we
address are among those that are non-generic.
We also resolve two conjectures [34, Conj. 1.4 + Conj. 5.7] on quasi-polynomial presentations
of the cap function
cappX,ωqpxq :“ #tk : cECHk pX, ωq ď xu
Define the Ehrhart function ehrΛpxq of a polytopeΛ Ď Rn as
ehrΩpxq :“ #xΛX Zn
for x P Zě0. When Λ is a rational polytope this is a quasi-polynomial [15].
Theorem 8 (Prop. 5.10 + Thm. 5.11). Suppose Ω is a primitive lattice convex toric domain with
Ω-perimeter (see §5.2) λ. Then there exist γ0 , . . . , γλ´1 P Q and x0 P Zě0 such that
capXΩpxq “ ehrΩpxq ` γi “ h0pYΩ , xAΩq ` γi
for all x P Zěx0 , where x ” i mod λ. This allows us to find quasi-polynomial presentations for the cap
function of any rational convex toric domain.
Finally, we observe that Thm. 3 combined with Thm. 6 supplies (asymptotic) upper bounds
for ekpX, ωq for many pX, ωq and we deduce in Cor. 5.15 new embedding obstructions between
many toric domains of the same volume.
1.3. Algebraic capacities and minimal hypersurfaces. We outline the connection of algebraic
capacities with the theory of minimal hypersurfaces.
Studying minimal hypersurfaces in Riemannian manifolds is a fundamental problem in dif-
ferential geometry. For a Riemannian manifold pM, gq one can define a sequence of increasing
real numbers called codimension c min-max widths
ωcppM, gq
measuring the area of certain ‘p-sweepouts’ – a formal version of families of codimension c
submanifolds in M. Themin-max widths satisfy aWeyl law and havemany properties and types
of applications in common with ECH; for example, [31].
Proposition 1 (Ex. 6.1). Suppose M is a smooth complex projective algebraic variety equipped with an
ample divisor A. Let g be the metric on M corresponding to A. Then the codimension two min-max
widths for pM, gq satisfy
(‹) ω2ppM, gq ď calgp pM, Aq
It is conceivable that (‹) is actually an equality in this situation and that, as in the case of ECH,
further ties are present between the theory ofminimal hypersurfaces and algebraic capacities. An
advantage generally offered by algebraic capacities is that their defining optimisation problems
are often tractable when the nef cone is well-behaved (for instance, see [18]) or it is at least always
the case that estimates are readily available.
51.4. Future directions. There are several directions in which we intend to continue the threads
of this paper, three of which are:
‚ Algebraic capacities in higher (co)dimensions: LetY be amildly singular variety of dimension
n. Choosing a curve class C P NEpYq one can define
c
alg
k
pY, Cq :“ inf
DPNefqcpYq
tD ¨ C : χpDq ě k ` χpOYqu
It would be interesting to study the properties of these invariants, to examine how they
change with dimension, and to see if they have any connections to symplectic or differ-
ential geometry. There is also a developing theory of nef cycles [13] of codimension ą 1
and so one could try to formulate similar optimisation problems in that context.
‚ Irrational symplectic manifolds and ind-schemes: So far the applications of algebraic ca-
pacities to symplectic embedding problems have been limited to non-generic cases like
rational-sloped convex toric domains. We predict that an extension to cover more generic
symplectic manifolds might be accessed by using increasingly accurate ‘approximations’
via non-generic manifolds that our methods can treat, and that the approximations on
the algebraic side can be collected into some kind of ind-scheme. Developing a theory of
algebraic capacities for such objects is therefore an attractive prospect.
‚ Other phenomenology: There are many other invariants and structures that have emerged
from studying embedding obstructions throughECH– for instance, theweight sequences
from §5.2 or infinite staircases [9,28,33] – that wewould like to explore through the lens of
algebraic capacities and seewhat avatars of these phenomena exist in algebraic geometry.
Outline. In §2 we will formally construct algebraic capacities for weakly polarised surfaces and
study some of their basic properties. We consider what happens as the polarisation A changes
in §3. We prove our main results on the asymptotics of algebraic capacities in §4. At this point
we transition to applications of algebraic capacities to symplectic and Riemannian geometry.
In §5 we review the relationship between ECH and algebraic capacities, and apply the results
of previous sections to analyse the sub-leading asymptotics of ECH capacities for convex toric
domains. Lastly, in §6 we concisely describe the connection between algebraic capacities and
min-max widths in the theory of minimal hypersurfaces.
Acknowledgements. I would like to thank Julian Chaidez, David Eisenbud,Michael Hutchings,
Dan Cristofaro-Gardiner, Vinicius Ramos, Jonathan Lai, Mengyuan Zhang, Antoine Song, Ðan
Daniel Erdmann-Pham, and Tara Holm for many insightful and supportive conversations. I am
especially glad for the range of specialisms represented by these researchers, and grateful to each
of them for bearing with me as I attempted to translate some aspect of algebraic capacities into
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2. Constructing algebraic capacities
Whenever we refer to a ‘surface’ below we will mean a projective normal algebraic surface
over the complex numbers, not necessarily smooth.
2.1. Divisors. Wewill need to take some care at a few points when dealing withQ-divisors and
so we spell out the parts of the general treatment we require here. AlwaysK P tZ,Q,Ru. We say
that aWeil Z-divisor D on a surface Y isQ-Cartier if some integermultiple of D is Cartier. AWeil
R-divisor is Q-Cartier if it can be expressed as an R-linear combination ofQ-Cartier Z-divisors.
Y is said to be Q-factorial if every Weil Z-divisor on Y is Q-Cartier. For instance, every toric
surface isQ-factorial. We fix notation:
‚ Denote by WDivpYqK the Weil divisors on aQ-factorial surface Y with coefficients in K
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‚ Denote byNSpYqK :“ NSpYqbZK the group of integralWeil divisors onY up to algebraic
equivalence – the Néron–Severi group – tensored withK
‚ Denote by nefpYqK the Weil divisors in WDivpYqK that are nef
‚ Denote by NefpYqK the divisor classes in NSpYqK corresponding to nef divisors
‚ Denote by nefqcpYqK the divisor classes in WDivpYqK corresponding to nef Q-Cartier
K-divisors
‚ Denote by NefqcpYq the divisor classes in NSpYqZ corresponding to nef Q-Cartier Z-
divisors.
‚ Denote by BigpYq the divisor classes in NSpYqR corresponding to big R-divisors.
Observe that when Y is Q-factorial we have
nefqcpYqK “ nefpYqK and NefqcpYqK “ NefpYqK
For D PWDivpYqR denote by tDu the ‘round-down’ of D defined by
t
ÿ
aiDiu :“
ÿ
taiuDi
where Di are prime Weil divisors on Y.
Lastly, when Y is toric we denote the polytope corresponding to a nef torus-invariant divisor
D by PpDq. We recall that the lattice points in PpDq are in bĳection with a basis for H0pDq.
When D is not nef, instead of a polytope we obtain an oriented hyperplane arrangement ApDq
as in [29]. Similarly, the lattice points in the ‘positive region’ bounded by ApDq index a basis for
global sections [7, §9.1].
2.2. Construction of algebraic capacities. We formally define the invariants coming from the
optimisation problems in [4, 34, 35].
Definition 2.1. For a weakly polarised surface pY, Aq define the kth algebraic capacity of pY, Aq to
be
c
alg
k
pY, Aq :“ inf
DPNefqcpYq
tD ¨ A : χpDq ě k ` χpOYqu
Lemma 2.2. Suppose pY, Aq is a weakly polarised surface. The infimum defining calg
k
pY, Aq is achieved
by a nef Z-divisor.
Proof. This follows essentially from Kleiman’s criterion for nefness, from which it is apparent
that the region of the real nef cone satisfying D ¨A ď r is compact for any r ě 0. Pick a Z-divisor
D0 with χpD0q ě k ` χpOYq and observe that calgk pY, Aq ď D0 ¨ A. This implies that the infimum
defining c
alg
k
pY, Aq ranges over nef Z-divisors D with D ¨ A ď D0 ¨ A of which there are finitely
many. 
We define the cap function of pY, Aq to be the counting function for calg
k
pY, Aq; that is,
cappY,Aqpxq :“ #tk : c
alg
k
pY, Aq ď xu
“ 1` sup
DPNefqcpYq
tχpDq ´ χpOYq : D ¨ A ď xu
Define the index of a Q-Cartier Z-divisor D on Y by
IpDq :“ D ¨ pD ´ KYq
In a situation where Noether’s formula holds – for instance when Y is smooth or has at worst
canonical singularities [30] – we have
χpDq “ χpOYq ` 1
2
IpDq
7and so in such a situation
c
alg
k
pY, Aq “ inf
DPNefqcpYq
tD ¨ A : IpDq ě 2ku
We briefly discuss how this relates to optimisation problems in symplectic geometry. The index
IpDq agrees with the ECH index [19, Def. 2.14] of the homology class of D in H2pY,Zq and the
intersection product D ¨ A is the symplectic area of D with respect to the Poincaré dual of A.
2.3. Vanishing theorems. Certain vanishing theorems give simpler presentations of algebraic
capacities. We mention two that have found use in obstructing symplectic embeddings [4, 34].
Lemma 2.3 ( [7, Thm. 9.3.5.]). Suppose Y is a toric surface and D is a nefQ-divisor. Then
hppDq :“ hpptDuq “ 0 for all p ą 0
Proposition 2.4. Let Y be a toric surface, and let A be a big R-divisor on Y. Then
c
alg
k
pY, Aq “ inf
DPNefpYqZ
tD ¨ A : h0pDq ě k ` 1u
for all k ě 0.
Proof. This follows immediately from Lem. 2.3 and the fact that Y is rational. 
This formulation of algebraic capacities was used in the author’s original paper [34] that
initiated the use of this kind of algebraic optimisation problem to study symplectic embeddings.
Kawamata–Viehweg vanishing gives a similar reformulation when ´KY is nef and big.
Proposition 2.5. Let Y be a smooth surface such that ´KY is nef and big, and let A be a big R-divisor on
Y. Then
c
alg
k
pY, Aq “ inf
DPNefpYqZ
tD ¨ A : h0pDq ě k ` 1u
for all k ě 0.
2.4. Preferable divisors. We codify what it means for a divisor to be ‘preferable’ to another from
the point of view of the optimisation problems in Definition 2.1 for pseudo-polarised surfaces.
Definition 2.6 (c.f. [4, Def. 3.11]). Let Y be a projective normal surface.
‚ We say that aWeilQ-CartierR-divisor D onY is index-preferable to anotherWeilQ-Cartier
R-divisor D1 on Y if χpDq ě χpD1q.
‚ We say that D is area-preferable to D1 if D ¨A ď D1 ¨A for all big and nefQ-CartierR-divisors
A on Y.
‚ We say that D is preferable to D1 if D is both index-preferable and area-preferable to D1.
Observe that D0 is area-preferable to D if and only if D ´ D0 is effective. When Y is smooth
one can replace the inequality χpDq ě χpD1q with IpDq ě IpD1q. Our first use for this notion is
to show the following.
Proposition 2.7. Suppose Y is a smooth surface with ´KY effective and that A is a big and nef R-divisor
on Y. Then, for all k ą maxt0,´χpOYqu
c
alg
k
pY, Aq “ inf
DPnefpYqQ
tD ¨ A : IpDq ě 2ku
That is, for every nef Q-divisor with IpDq ě 2k there is a preferable nef Z-divisor. The same conclusion
holds for all k ą 0 when Y is a possibly singular toric surface.
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We can consider optimisation problems obtained ranging over Q-divisors (or R-divisors)
instead of Z-divisors as in Def. 2.1. Set
c
alg
k
pY, AqQ :“ min
DPnefqcpYqQ
tD ¨ A : IpDq ě 2ku
where χpDq :“ χptDuq for D a Weil Q-divisor. Observe that it is necessary to work with Weil
Q-divisors as opposed to Q-divisor classes since if D and D1 are Q-algebraically equivalent it
does not imply that the round-downs tDu and tD1u are Z-algebraically (or even numerically)
equivalent. This infimum yields the same result as when ranging over nef R-divisors.
Corollary 2.8. When pY, Aq is a pseudo-polarised surface with either Y smooth and ´KY effective or Y
toric, then
c
alg
k
pY, Aq “ calg
k
pY, AqQ
for all k ą maxt0,´χpOYqu.
This shows that the construction using nefQ-divisors in [34, Thm. 1.5] for toric surfaces agrees
with our construction here. Our main tool for locating preferable divisors is the ‘isoparametric
transform’ of [3]. This takes an effective divisor D to
IPYpDq :“ D ´
ÿ
D¨Diă0
S
D ¨ Di
D2
i
W
Di
where the sum ranges over all prime divisors Di with D ¨ Di ă 0. Observe that such Di must
have D2
i
ă 0 and hence the coefficients in the sum are positive. We denote by IPnY the result of
iterating IPY n times. In [3] the following is shown.
Theorem 2.9 ( [3, Thm. 1.1 + 1.2]). For any effective divisor D on a smooth surface Y we have
h0pDq “ h0pIPYpDqq
After a finite number n of iterations IPnYpDq lies inNefpYqZ.
The isoparametric transform stabilises once it has reached a nef divisor; we denote this limit
by IP8Y pDq. We show that the isoparametric transform yields index-preferable divisors.
Lemma 2.10 (c.f. [4, Lem. 3.12]). Let Y be a smooth surface with D an effective Z-divisor on Y. Suppose
C1, . . . , Cn is a collection of curves intersecting D negatively. Then either one of the Ci is a p´1q-curve or
IpD1q ě IpDq
where
D1 “ D ´
nÿ
i“1
S
D ¨ Ci
C2
i
W
Ci
In particular,
IpIPYpDqq ě IpDq
if no p´1q-curve intersects D negatively.
Proof. Suppose n “ 1 so that there is only one curve C. If C2 “ ´1 we are done, so let C2 “ ´r
for r ě 2. Let D ¨ C “ ´ℓ so that
D1 “ D ´
R
ℓ
r
V
C “: D ´ mC
9Let π : Y Ñ Y be the contraction of C to the singular surface Y. We can compute
IpD1q “ pD ´ mCq ¨ pD ´ mC ´ KYq
“ IpDq ´ 2mD ¨ C ` p´mCq ¨ p´mC ´ KYq
“ IpDq ` 2mℓ ` p´mCq ¨ p´mC ´ π˚KY ´
2´ r
r
Cq
“ IpDq ` 2mℓ ´ m2r ´ p2´ rqm
Observe that 1 ą m ´ ℓr ě 0 by definition and so ℓ ą rpm ´ 1q or equivalently ℓ ` r ą rm.
Continuing:
IpD1q “ IpDq ` 2mℓ ´ mrpm ` 2´ r
r
q
ą IpDq ` 2mℓ ´ pℓ ` rqpm ` 2´ r
r
q
“ IpDq ` mℓ ` ℓ ¨ r ´ 2
r
´ mr ` r ´ 2
ě IpDq ` mℓ ´ rpm ´ 1q ´ 2
ą IpDq ` pm ´ 1qℓ ´ 2
ě IpDq ´ 2
using r ě 2 and m ě 1. However Ip¨q is even and so IpD1q ą IpDq ´ 2 implies that IpD1q ě IpDq.
Now induct on the number of curves. Suppose the formula holds for a set of n curves meeting
an effective divisor negatively. Suppose curves C1, . . . , Cn , C intersect D negatively. If any of the
curves is a p´1q-curve then we are done. Assume not. Notate
D ¨ C “ ´ℓ, C2 “ ´r,
R
D ¨ C
C2
V
“ m
and
F “
n´1ÿ
i“1
miCi
so that D1 “ D ´ F ´ mC. Compute
IpD ´ F ´ mCq “
“ IpD ´ Fq ` 2mF ¨ C ´ 2mD ¨ C ` Ip´mCq
ě IpD ´ Fq ` 2mℓ ´ mrpm ` 2´ r
r
q
ą IpD ´ Fq ` pm ´ 1qℓ ´ 2
ě IpD ´ Fq ´ 2
where we used that F ¨ C ě 0 since F is effective and supported away from C. By inductive
assumption we have IpD ´ Fq ě IpDq and so we have IpD1q ą IpDq ´ 2. Since Ip¨q is even we can
conclude that IpD1q ě IpDq as desired. 
We use Lem. 2.10 to prove the following result related to [4, Thm. 3.3].
Proposition 2.11. Suppose Y is a smooth surface with a big and nef R-divisor A on Y. Then
inf
DPNEpYqZ
tD ¨ A : IpDq ě 2ku “ inf
DPNefpYqZ
tD ¨ A : IpDq ě 2ku
Proof. We prove this by induction on the number of blowups b relating Y to a minimal surface.
When b “ 0 – and so Y is minimal – Y has no p´1q-curves and so IPYpDq is preferable to D for
any D P NEpYqZ by Lem. 2.10. Iterating IPY gives that IP8Y pDq is a preferable nef Z-divisor to D
from which the result follows.
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Suppose b ą 0, and assume that the statement holds for all smooth surfaces expressible at
most b ´ 1 blowups from a minimal surface. Let Y be expressed as b blowups of a minimal
surface. Since b ą 0 we see that Y is not minimal and so contains a p´1q-curve. Let D P NEpYqZ.
If D intersects a p´1q-curve E nonpositively then we can write D “ π˚D ` mE for some m ě 0
and some effective Z-divisor D on Y, where π : Y Ñ Y is the contraction of E. By the inductive
hypothesis there exists a preferable nef Z-divisor D0 to D. We claim that π
˚D0 is a preferable
nef Z-divisor to D. Indeed, we can compute
D ¨ A ě π˚D ¨ A ě π˚D0 ¨ A
and
IpDq ď Ipπ˚Dq “ IpDq ď IpD0q “ Ipπ˚D0q
If D intersects all p´1q-curves positively, consider IPYpDq. This is a preferable effective Z-divisor
to D by Lem. 2.10 and by noting that D ´ IPYpDq is effective. If IPYpDq intersects a p´1q-curve
nonpositively, we are done by the argument above. If not, apply IPYpDq again. Continuing in
this way, we reach a preferable nef Z-divisor if there exists n such that IPnYpDq ¨ E ď 0 for some
p´1q-curve E, or we reach IP8Y pDq, which is nef by Thm. 2.9 and preferable by Lem. 2.10. 
Proof of Prop. 2.7. Consider a nef Q-divisor D with IpDq ě 2k. If h0pDq ě 1 then tDu is an
effective Z-divisor that is preferable to D. The result then follows by Prop. 2.11. For k ą ´χpOYq,
if h2ptDuq “ 0 then we see that h0ptDuq ě 1.
We claim that if ´KY is effective then tDu must be effective whenever D is a nef Q-divisor
with IpDq ě 2k for any k ą 0. Consider the adjoint divisor KY ´ tDu “ KY ´ rDs ` ∆ where
∆ is an effective divisor with all nonzero coefficients equal to 1. Observe that rDs is an effective
Z-divisor since D is nef. This adjoint divisor takes the form ∆´ effective divisor and so is either
noneffective or trivial. If noneffective we are done from h2pDq “ h0pKY ´ rDs ` ∆q “ 0, which
leaves the case when the adjoint divisor is trivial. In that case tDu “ KY and so χpDq “ χpOYq
but by the assumption k ą 0 we have χpDq ą χpOYq giving a contradiction.
The previous argument covers smooth toric surfaces. For singular toric surfaces we can
use a combinatorial method to achieve the same result, which we now outline. For nef Q-
divisors χpDq “ h0pDq “ LPpDq :“ #PpDq X Z2. Consider the Z-divisor tDu whose hyperplane
arrangement is obtained by translating the facet hyperplanes of PpDq along their inward normal
directions until they include a lattice point. This divisor may not be nef; combinatorially, there
may be configurations of edges in PpDq such as that pictured in Fig. 1(a) so that AptDuq looks
like Fig. 1(b). Let E be the divisor corresponding to the hyperplane inAptDuq that does not meet
the positive region as shown in Fig. 1(b). By subtracting mE where m is the smallest positive
integer such that the corresponding translated hyperplane meetsAptDuqwe obtain the polytope
depicted in Fig. 1(c). This clearly does not affect the index and reduces the area, hence producing
a preferableZ-divisor. Repeating this process – and iterating if necessary – produces a preferable
nef Z-divisor to D. 
Figure 1. tDu not nef
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2.5. Properties. We list some of the essential properties of algebraic capacities, noticeably par-
allelling properties for symplectic capacities [17, §2].
Proposition 2.12. The algebraic capacities c
alg
k
pY, Aq satisfy the following properties:
‚ (Conformality) For q P Rą0, calgk pY, qAq “ q ¨ c
alg
k
pY, Aq
‚ (Disjoint Union) For two polarised surfaces pY1 , A1q and pY2 , A2q we have
c
alg
k
pY1 > Y2 , A1 > A2q “ maxtcalgk1 pY1 , A1q ` c
alg
k2
pY2 , A2q : k1 ` k2 “ ku
‚ (Zero) calg0 pY, Aq “ 0.
The proofs are purely numerical in nature and so we omit them. Perhaps the most important
property in the setting of symplectic geometry is ‘monotonicity’, where symplectic capacities are
required to increase with embeddings. Another way of saying this is that symplectic capacities
are functors from a category of symplectic manifolds with morphisms given by symplectic
embeddings into the poset pR,ďq. An analog of monotonicity for algebraic capacities of toric
surfaces is developed in [4, §4].
3. Continuity for algebraic capacities
3.1. Chamber decompositions and continuity on the big cone.
Proposition 3.1. Let Y be a projective Q-factorial surface. For each k P Zě0 there is a locally finite
chamber decomposition of the big cone of Y
BigpYq “
ď
D
CD
such that
CD “ tA P BigpYq : D is the unique optimiser for calgk pY, Aqu Ď BigpYq
so that the chambers are indexed by optimal divisors for c
alg
k
pY, Aq as A varies.
Proof. Let A be a generic big R-divisor such that c
alg
k
pY, Aq has a unique optimal nef Z-divisor
D0. There exists an open neighbourhood U of A such that D0 is optimal for c
alg
k
pY, A1q for all
A1 P U. Indeed, suppose there is no such neighbourhood. Then we can find a sequence An Ñ A
such that c
alg
k
pY, Anq ă D0 ¨ An for all n. Let Dn be a Z-divisor optimising calgk pY, Anq. Pick
D1 such that IpD1q ě 2k. All the divisors Dn will lie in the compact region of the nef cone
tD P NefpYq : D ¨ An ď Mu where M “ suptD1 ¨ An : n P Zě0u. There are hence finitely
many distinct divisors Dn and so the sequence has a subsequence Dni that stabilises at some
Z-divisor D˚. It follows that c
alg
k
pY, Aniq “ D˚ ¨Ani , which converges to D˚ ¨A as i Ñ8. We have
D0 ¨A “ calgk pY, Aq ď D˚ ¨A and D˚ ¨ Ani “ c
alg
k
pY, Aniq ă D0 ¨Ani so that D˚ ¨A ď D0 ¨A. Hence
D˚ ¨ A “ D0 ¨ A “ calgk pY, Aq and so D0 “ D˚. This contradicts our construction of the An .
For local finiteness, we will show that the chamber structure is finite inside each closed set
RA0 ,δ defined as the subset of the big cone bounded by BRA0 ,δ “ tD` δA0 : D P BNEpYquwhere
A0 is an ample divisor and δ ą 0. Note that the chambers CD are cones since if a divisor D is
optimal for c
alg
k
pY, Aq then it is also optimal for calg
k
pY, qAq for any q P Rą0. It thus suffices to check
local finiteness on a bounded region of the big cone. Pick an ampleR-divisor A0 and consider the
region S of the big cone consisting of all big R-divisors A in RA0 ,δ such that 1´ ε ď A ¨A0 ď 1` ε
for some small ε ą 0. Pick a nef Z-divisor D0 with χpD0q ě k ` χpOYq. There exists M P Rě0
such that A ¨ D0 ď M for all A P S. It follows that calgk pY, Aq ď M for all A P S and so optimisers
for c
alg
k
pY, Aqwhen A P RA0,δ must be in the set
K “ tD P NefpYqZ : D ¨ A ď M for some A P RA0,δu
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K is compact since RA0 ,δ is compact and bounded away from the boundary of the big cone and so
there are finitely many Z-divisors in K, which implies that there are only finitely many chambers
in RA0 ,δ. 
Corollary 3.2. For any projective Q-factorial surface Y we have that A ÞÑ calg
k
pY, Aq is continuous as a
function BigpYq Ñ R for each k P Zě0.
Proof. Write cpAq “ calg
k
pY, Aq. Inside each chamber CD we have that c|CDpAq “ D ¨ A, which is
continuous. A wall
w “ CD X CD1
separating chambers is given by the locus inside BigpYq where calg
k
pY, Aq has a nonunique opti-
miser – in this case, where both D and D1 are optimal – and so we see that c remains continuous
when restricted to CD Y CD1 Y pCD X CD1q, which gives the result. 
Example 3.3. We illustrate this chamber decomposition when Y is the blowup of P2 in a point;
that is, the Hirzebruch surface F1. We use the Z-basis for NSpYqZ given by F, D8 where F is a
fibre class and D8 is a curve of self-intersection 1. The nef cone is generated by F and D8 and
so we see that the only possible optimisers for c
alg
1
pY, Aq are F and D8. The effective cone of Y is
spanned by F and D8 ´ F so let A “ αF ` βpD8 ´ Fq be a general big R-divisor. We have
F ¨ A “ β and D8 ¨ A “ α
so that F is preferablewhen α ě β and D8 is preferablewhen α ď β. The chamber decomposition
for k “ 1 is shown in Fig. 2(a). Similarly, we see that the only possible optimisers for calg
2
pY, Aq
are 2F and D8 giving the chamber decomposition in Fig. 2(b). The three possible optimisers for
c
alg
3 pY, Aq are 3F, D8 ` F, 2D8 and this induces the chamber decomposition in Fig. 2(c).
Figure 2. Chamber decompositions for BigpF1q
‚
CF
CD8
(a)
‚
C2F
CD8
(b)
‚
C3F
CD8`F
C2D8
(c)
3.2. Continuity on the boundary of the nef cone. Let Y be a smooth surface with a birational
morphism π : Y Ñ Y. We relate the algebraic capacities of the possibly singular surface Y
equipped with a big and nef R-divisor A to the algebraic capacities of Y with the big and nef
divisor π˚A. We start with the easiest case.
Proposition 3.4. Suppose Y is a smooth surface with E Ď Y a p´1q-curve. Let π : Y Ñ Y be the
contraction of E. Then
c
alg
k
pY, π˚Aq “ calg
k
pY , Aq
Proof. Let D be a Z-divisor optimising c
alg
k
pY , Aq. As π is the contraction of a p´1q-curve π˚D is
a Z-divisor and Ipπ˚Dq “ IpDq ě 2k giving
c
alg
k
pY, Aαq ď π˚D ¨ Aα “ D ¨ A “ calgk pY , Aq
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Let D1 optimise calg
k
pY, π˚Aq and write D1 “ π˚D1 ´ mE for some m P Zě0. Then we have
2k ď IpD1q ď Ipπ˚D1q and so
c
alg
k
pY, π˚Aq “ D1 ¨ π˚A “ D1 ¨ A ě calg
k
pY , Aq
as required. 
Note that this implies that optimisers for c
alg
k
pY, π˚Aq can be chosen on the face of the nef cone
corresponding to π.
In general, when the contraction Y is singular there is additional complexity in relating χpDq
and χpDq since the index formulation of calg
k
pY , Aq that we used is no longer valid. The additional
methods available for toric surfaces enable us to extend to singular contractions in the toric
context. The main extra fact we use is that for a birational morphism π : Y Ñ Y and a nef
Q-divisor D on Y we have χpDq “ h0pDq “ h0pπ˚Dq “ χpπ˚Dq from Demazure vanishing since
both D and π˚D are nef.
Proposition 3.5. Suppose Y is a toric surface. Let π : Y Ñ Y be a birational toric morphism and let A
be an big and nef R-divisor on Y. Then,
c
alg
k
pY, π˚Aq “ calg
k
pY , Aq
Proof. We will freely use nefQ-divisors in light of Prop. 2.7. The proof proceeds along the same
lines as for Prop. 3.4. The same method yields
c
alg
k
pY, π˚Aq ď calg
k
pY , Aq
For the converse inequality, let D be an optimal nef Z-divisor for c
alg
k
pY, π˚Aq. Write D “
π˚D ´řsi“1 miEi where Ei are exceptional divisors for π and for mi P Qą0. Hence
c
alg
k
pY, π˚Aq “ D ¨ π˚A “ D ¨ A
We have χpDq “ χpπ˚Dq “ h0pπ˚Dq, which is greater than h0pDq “ χpDq. We obtain
c
alg
k
pY , Aq ď D ¨ A “ calg
k
pY, π˚Aq as desired. 
4. Asymptotics for algebraic capacities
We investigate the asymptotics of algebraic capacities inspired by questions from algebraic
positivity [23,24] and from obstructions to symplectic embeddings coming from the asymptotics
of ECH capacities [21]. We formulate the following conjecture and prove it in many cases.
Conjecture 4.1 (AlgebraicWeyl Law). Suppose pY, Aq is a pseudo-polarised surface with A aQ-Cartier
R-divisor. Then
lim
kÑ8
c
alg
k
pY, Aq2
k
“ 2A2
We call this a ‘Weyl law’ after similar asymptotic results in the contexts of symplectic and
Riemannian geometry; see [10, Thm. 1.1] and [25, §1.1].
4.1. Asymptotics for smooth surfaces. We start by establishing Conj. 4.1 for smooth surfaces.
Theorem 4.2. Suppose pY, Aq is a smooth pseudo-polarised surface. Then
lim
kÑ8
c
alg
k
pY, Aq2
k
“ 2A2
14 B. WORMLEIGHTON
The key idea is to select a favourable basis to work with. By the Hodge index theorem there
exists an R-basis e0 , e1, . . . , es for NSpXqR such that e0 “ A and the matrix of the intersection
form with respect to this basis is ¨˚
˚˝˚ A
2 0 . . . 0
0 ´r1 . . . 0
...
...
. . . 0
0 0 . . . ´rs
‹˛‹‹‚
for some ri ą 0. We will employ this notation throughout this subsection. For our current
purposes it will suffice to use the following ‘asymptotic capacities’
c
asy
k
pY, Aq :“ inf
DPNefpYqR
tD ¨ A : D ¨ pD ´ KYq ě 2ku
The only difference here is that we have replaced the index with the intersection of R-divisors.
This will allow us to use analytic methods and makes no difference to calculations in the limit.
Proposition 4.3. For any pseudo-polarised smooth surface pY, Aq we have
lim
kÑ8
c
asy
k
pY, Aq2
k
“ 2A2
Proof. Let ´KY “ cA `
řs
i“1 di ei . Suppose D is a divisor with D ¨ pD ´ KYq ě 2k and write
D “ aA `řsi“1 bi ei so that
D ¨ pD ´ KYq “ apa ` cqA2 ´
sÿ
i“1
ri bipbi ` diq and D ¨ A “ aA2
For D ¨ pD ´ KYq ě 2k we must have
(;) apa ` cq ě 2k `
řs
i“1 ribipbi ` diq
A2
Observe that D ¨ A is minimised when a is minimised, which occurs when řsi“1 ri bipbi ` diq is
minimised; that is, when bi “ ´di{2. Indeed, for large k we have that the right hand side of (;)
is large and so the quadratic function apa ` cq achieves that bound for as small a value of a as
possible. Namely, approximating apa ` cq by pa ´ |c|q2 and pa ` |c|q2 for large a we obtain
´|c| `
gffe2k ´řsi“1 ri d2i4
A2
ď a ď |c| `
gffe2k ´řsi“1 ri d2i4
A2
and so for optimal D we have a „
a
2k{A2. Let Dk be such an optimal divisor. Note that Dk ` δ
is nef since A is nef, and that the asymptotics of A ¨ pDk ` δq are the same up to an Op1q error
as the asymptotics of A ¨ Dk since the bi are constant. Thus casyk pY, Aq „
?
2A2k and the result
follows. 
The proof of Prop. 4.3 shows that an effective divisor computing c
asy
k
pY, Aq for large k is of
the form D “ aA ` δ for some a " 0 and where δ “ ´ 12
řs
i“1 di ei . We also see that aA is a nef
R-divisor that is an approximate optimiser for c
asy
k
pY, Aq with Op1q error. Using Prop. 4.3 it is
immediate that Thm. 4.2 is a consequence of the following lemma.
Lemma 4.4. For any pseudo-polarised smooth surface pY, Aq we have
lim
kÑ8
c
alg
k
pY, Aq2
k
“ lim
kÑ8
c
asy
k
pY, Aq2
k
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Proof. This essentially follows since D ´ tDu is small and hence D ¨ pD ´ KYq is not so different
to tDu ¨ ptDu´ KYq for large D. Suppose k is large. From the observations following Prop. 4.3 we
let Dk “
b
2k
A2
A be an approximate optimiser for the infimum defining c
asy
k
pY, Aq. Note that
∆k “
c
2k
A2
A ´
[c
2k
A2
A
_
is a boundary (i.e. its coefficients lie in r0, 1q) for all k and so A ¨ ∆k is bounded. To compare
Dk ¨ pDk ´ KYq and tDku ¨ ptDku ´ KYqwe compute
Dk ¨ pDk ´ KYq ´ tDku ¨ ptDku ´ KYq “ 2Dk ¨ ∆k ` ∆k ¨ KY
“ 2
c
2k
A2
A ¨ ∆k ` ∆k ¨ KY
It follows that c
alg
k
pY, Aq ď casy
k`Op
?
kqpY, Aq and hence
lim sup
kÑ8
c
alg
k
pY, Aq2
k
ď lim
kÑ8
c
asy
k`Op
?
kqpY, Aq
2
k
“ lim
kÑ8
c
asy
k
pY, Aq2
k
where the equality holds by Prop. 4.3. For the converse inequality, which will establish that the
limit of algebraic capacities exists, we consider an optimal nef Z-divisor for c
alg
k
pY, Aq. This is a
nef divisor with D ¨ pD ´ KYq ě 2k that hence features in the infimum for casyk pY, Aq and so
c
asy
k
pY, Aq ď calg
k
pY, Aq
which completes the proof. 
Proposition 4.5. Suppose pY, Aq is a smooth pseudo-polarised surface. Assume that A is a Z-divisor, and
let D be an optimal Z-divisor for c
alg
k
pY, Aqwith k sufficiently large. Then D`A is optimal for calg
k1
pY, Aq
where k1 “ k ` 12 IpAq ` c
alg
k
pY, Aq.
Proof. Write D “ aA ` ř bi ei . As D is optimal for calgk pY, Aq, we have D ¨ A ď D1 ¨ A for all
Z-divisors D1 with IpD1q ě 2k. By the choice of k1, we have
c
alg
k1
pY, Aq ď pD ` Aq ¨ A “ calg
k
pY, Aq ` A2
Suppose D1 is a Z-divisor with IpD1q ě k1 and D1 ¨A ă pD `Aq ¨A. Write D1 “ a1A`ř b1
i
ei and
consider
0 ă pD ` Aq ¨ A ´ D1 ¨ A
“ ppa ` 1´ a1qA `
ÿ
pbi ´ b1iqeiq ¨ A
“ pa ` 1´ a1qA2
and so a1 ă a ` 1. We claim that D1 ´ A is a strictly preferable divisor to D and that, when k
is sufficiently large, D1 ´ A is effective. It follows then from Prop. 2.11 that calg
k
pY, Aq ă D ¨ A,
which is a contradiction.
First, we note that the algebraic Weyl law for smooth surfaces gives that c
alg
k
pY, Aq Ñ 8 as
k Ñ8 and so, working in the given coordinates, we can choose D1 ¨A sufficiently large. Observe
then that h0pKY ´ D1 ` Aq “ 0 since
A ¨ pKY ´ D1 ` Aq “ A ¨ pKY ` Aq ´ D1 ¨ A
is negative for large k and so KY ´ D1 ` A cannot be effective as A is nef. Hence h2pD1 ´ Aq “ 0
and we will subsequently show IpD1 ´Aq ě IpDq ě 2k giving, again for sufficiently large k, that
we must have h0pD1 ´ Aq ą 0.
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We complete the proof by verifying that D1 ´ A would be a preferable candidate to D for
c
alg
k
pY, Aq if such D1 existed. It is clear that pD1 ´ Aq ¨ A ă D ¨ A from the assumption D1 ¨ A ă
pD ` Aq ¨ A. To compare indices, we compute
IpD1 ´ Aq “ pa1 ´ 1qpa1 ` c ´ 1qA2 ´
ÿ
ri b
1
ipb1i ` diq
“ a1pa1 ` cqA2 ´
ÿ
ri b
1
ipb1i ` diq ´ p2a1 ` c ´ 1qA2
ě 2k1 ´ p2a1 ´ 2qA2 ´ pc ` 1qA2
“ 2k1 ´ 2pD1 ´ Aq ¨ A ´ IpAq
ą 2k1 ´ 2D ¨ A ´ IpAq
“ 2k
by the definition of k1. 
We say that x P R is attained by pY, Aq if there exists some k such that calg
k
pY, Aq “ x. It follows
from Prop. 4.5 there exists a set SpY, Aq Ď r0, A2q X Z such that, for all sufficiently large x P Zě0,
x is attained by pY, Aq if and only if x ” s modA2 for some s P SpY, Aq. We call SpY, Aq the set of
attained residues of pY, Aq.
Corollary 4.6. Suppose pY, Aq is a pseudo-polarised smooth surface with A a Z-divisor. There exist
k0, J P Zě0 such that
tcalg
k
pY, Aq : k ě k0u “ ts ` jA2 : s P S, j ě Ju
Proof. It suffices to choose k0 large enough such that the recursion from Prop. 4.5 holds and such
that k ě k0 implies calgk pY, Aq ” s modA2 for some s P SpY, Aq, and to then choose a suitable J
using that c
alg
k
pY, Aq is an increasing sequence. 
Corollary 4.7. Suppose pY, Aq is a pseudo-polarised smooth surface with A a Z-divisor. Then
lim sup
kÑ8
tcalg
k`1pY, Aq ´ c
alg
k
pY, Aqu ă 8
Definition 4.8. Define the gap of a weakly polarised surface pY, Aq to be
gappY, Aq :“ lim sup
kÑ8
tcalg
k`1pY, Aq ´ c
alg
k
pY, Aqu
We say that pY, Aq is tightly-constrained if gappY, Aq “ 1.
Note that gappY, qAq “ q gappY, Aq for q P R and so it follows that the gap is finite whenever
Y is smooth and A is a real multiple of a Z-divisor – in particular, when A is a Q-divisor – by
Cor. 4.7. Note that, if A is a Z-divisor, pY, Aq is tightly constrained if and only if there exists r0
such that for all r P Zěr0 there exists k with calgk pY, Aq “ r. We call such r0 a lower bound for pY, Aq.
Equivalently, pY, Aq is tightly constrained if and only if SpY, Aq “ r0, A2q X Z. In the smooth
case this agrees with previous definitions of tightly constrained [34, Def. 5.3] and [35, Def. 5.4.6].
Lastly, observe that if we order the elements s1 ă s2 ă ¨ ¨ ¨ ă sm of SpY, Aq then
gappY, Aq “ maxtsℓ ´ sℓ´1 : ℓ “ 2, . . . , mu
4.2. Sub-leading asymptotics for algebraic capacities. Having the algebraicWeyl law for smooth
surfaces suggests we make the following definition.
Definition 4.9. We define the kth algebraic error term of a weakly polarised Q-factorial surface
pY, Aq to be
e
alg
k
pY, Aq :“ calg
k
pY, Aq ´
a
2A2k
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When pY, Aq is a pseudo-polarised smooth surface we see that ealg
k
pY, Aq is op
?
kq. We will
showmuch more.
Theorem 4.10. Suppose pY, Aq is a pseudo-polarised smooth surface with A a Z-divisor. Then
lim sup
kÑ8
e
alg
k
pY, Aq “ gappY, Aq ` 1
2
KY ¨ A and lim inf
kÑ8
e
alg
k
pY, Aq “ 1
2
KY ¨ A
We outline some consequences before proving Thm. 4.10.
Definition 4.11. For any weakly polarised Q-factorial surface pY, Aq define the algebraic Ruelle
invariant to be
RualgpY, Aq :“ ´KY ¨ A ´ gappY, Aq
By ‘A is a real multiple of a Z-divisor’, we mean that there exists q P Rą0 and A0 PWDivpYqZ
such that A “ qA0. The complementary case is when an R-divisor A is irrational: namely, A is
irrational if qA is not a Z-divisor for all q P Rzt0u.
Corollary 4.12. When pY, Aq is a pseudo-polarised smooth surface with A a real multiple of a Z-divisor,
the midpoint of
lim sup
kÑ8
e
alg
k
pY, Aq and lim inf
kÑ8
e
alg
k
pY, Aq
is given by ´ 12 RualgpY, Aq.
Proof. Let q P Zě0 be such that qA is a Z-divisor. Then Thm. 4.10 gives that the midpoint of
lim sup
kÑ8
e
alg
k
pY, qAq and lim inf
kÑ8
e
alg
k
pY, qAq
is ´ 12 RualgpY, qAq. It is clear that both ´KY ¨ qA and gappY, qAq scale linearly with q and hence
RualgpY, qAq also scales linearly with q. Thus the midpoint of
lim sup
kÑ8
e
alg
k
pY, Aq and lim inf
kÑ8
e
alg
k
pY, Aq
is ´ 12q RualgpY, qAq “ ´ 12 RualgpY, Aq. 
In order to prove Thm. 4.10 we will need to study the cap function more deeply. Recall that
for smooth surfaces
cappY,Aqpxq “ 1`
1
2
sup
DPNefqcpYq
tIpDq : D ¨ A ď xu
Notice that if D is preferable to D1 in the sense of Def. 2.6 then it also preferable as a candidate
for the optimisation problem defining the cap function.
Lemma 4.13. Suppose pY, Aq is a pseudo-polarised smooth surface with A a Z-divisor. Suppose x is
attained by pY, Aq and let D0 be an optimiser for cappY,Aqpxq. Then, when x is sufficiently large, D ` A
is an optimiser for cappx ` A2q.
Proof. Notice first that if x is attained, say c
alg
k
pY, Aq “ x, then
cappY,Aqpxq “ 1`
1
2
sup
DPnefpYqQ
tIpDq : D ¨ A “ xu
SupposeD0`A is not optimal. Then there is someD1 such that IpD1q ą IpD0`Aq andD1 ď x`A2.
Observe that from Prop. 4.5 x ` A2 is attained by pY, Aq for sufficiently large x, and so we may
assume that D1 ¨ A “ x ` A2. Consider the divisor D1 ´ A. By a similar argument as was used
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in the proof of Prop. 4.5 we can show that D1 ´ A is effective when x is large enough. We now
compute
IpD1 ´ Aq “ IpD1q ´ 2D1 ¨ A ` A2 ` A ¨ KY
ą IpD0 ` Aq ´ 2D1 ¨ A ` A2 ` A ¨ KY
“ IpD0q ` 2D0 ¨ A ´ 2D1 ¨ A ` 2A2
“ IpD0q ` 2x ´ 2px ` A2q ` 2A2
“ IpD0q
Since pD1 ´ Aq ¨ A “ x, and replacing the effective divisor D1 ´ A with a preferable nef divisor
using Lem. 2.10 if necessary, we see that cappY,Aqpxq ą IpD0q, which is a contradiction as we
assumed that D0 was optimal. 
Corollary 4.14. With assumptions as in Lem. 4.13, we have
cappY,Aqpx ` A2q “ cappY,Aqpxq ` x `
1
2
IpAq
whenever x is sufficiently large and is attained by pY, Aq.
Proof of Thm. 4.10. Let pY, Aqbe apseudo-polarised smooth surfacewithA aZ-divisor. ByCor. 4.6
there exist k0, J P Zě0 such that
tcalg
k
pY, Aq : k ě k0u “ ts ` jA2 : j P ZěJ , s P SpY, Aqu
Let pxiq be the sequence of distinct values of calgk pY, Aq as k P Zě0. Note that
lim inf
kÑ8
e
alg
k
pY, Aq “ lim inf
iÑ8
txi ´
b
2A2pcappY,Aqpxiq ´ 1qu
since the algebraic error term featuring c
alg
k
pY, Aq “ xi is minimised when k is as large as
possible and this value of k is exactly cappY,Aqpxiq´ 1. Consider the subsequence of pxiq given by
ys
j
“ s ` jA2 where the index j ě J. We see from Cor. 4.14 that
cappY,Aqpysj`1q “ cappY,Aqpysj q ` ps ` jA2q `
1
2
IpAq
Solving this difference equation in j yields
cappY,Aqpysj q “
A2
2
j2 ` ps ´ 1
2
KY ¨ Aq j ` γs
for some constant γs P R. This allows us to compute the limit
lim
jÑ8
tysj ´
b
2A2pcappY,Aqpysj q ´ 1qu “ limjÑ8ts ` jA
2 ´
b
pA2q2 j2 ` A2p2s ´ KY ¨ Aq j ` γ2s u
for some new constant γ2s . Implicitising j by solving 2A2 cappY,Aqpysj q “ k we can express this
limit as
lim
kÑ8
ts ` pKY ¨ A ´ 2sqA
2
2A2
`
a
pA2q2pKY ¨ A ´ 2sq2 ` 4pA2q2pk ´ γ2s q
2A2
´
a
k ´ 1u “ 1
2
KY ¨ A
The sequence pxiq is hence a union of subsequences limiting to 12KY ¨ A and so
lim inf
kÑ8
e
alg
k
pY, Aq “ lim
iÑ8
txi ´
b
2A2pcappY,Aqpxiq ´ 1qu “
1
2
KY ¨ A
We will show
lim sup
kÑ8
e
alg
k
pY, Aq ´ lim inf
kÑ8
e
alg
k
pY, Aq “ gappY, Aq
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which gives the theorem. List the elements of SpY, Aq in increasing order: s1 ă s2 ă ¨ ¨ ¨ ă sm .
We have
lim sup
kÑ8
e
alg
k
pY, Aq “ lim sup
kÑ8
txi ´
b
2A2 cappY,Aqpxi ´ 1qu
since cappY,Aqpxi ´ 1q is the smallest k with c
alg
k
pY, Aq “ xi . We again consider the subsequences
pys
j
q. For each of these subsequences we can compute
lim
jÑ8
tysℓ
j
´
b
2A2 cappY,Aqpysℓj ´ 1qu
“ lim
jÑ8
tsℓ ` jA2 ´
b
2A2 cappY,Aqpsℓ ` jA2 ´ 1qu
“ lim
jÑ8
tsℓ ` jA2 ´
b
2A2 cappY,Aqpsℓ´1 ` jA2qu
“ psℓ ´ sℓ´1q ` lim
jÑ8
tsℓ´1 ` jA2 ´
b
2A2 cappY,Aqpsℓ´1 ` jA2qu
“ psℓ ´ sℓ´1q ` lim
jÑ8
tsℓ´1 ` jA2 ´
b
2A2pcappY,Aqpsℓ´1 ` jA2q ´ 1qu
“ psℓ ´ sℓ´1q ` lim inf
kÑ8
e
alg
k
pY, Aq
Again, since the pysℓ
j
q cover the whole sequence pxiq, we see that
lim sup
kÑ8
e
alg
k
pY, Aq “ max
2ďℓďm
psℓ ´ sℓ´1q ` lim inf
kÑ8
e
alg
k
pY, Aq
“ gappY, Aq ` lim inf
kÑ8
e
alg
k
pY, Aq
as required. 
We deduce the following result, which will also be of use in other contexts.
Lemma 4.15. Suppose pY, Aq is a pseudo-polarised smooth surface with A a Z-divisor. There exists a
finite list of nef Z-divisors D1, . . . , Dn on Y such that, for all sufficiently large k, optimisers for c
alg
k
pY, Aq
can be chosen to take the form
Di ` jA
for some i P t1, . . . , nu and some j P Zě0.
Proof. Suppose x is attained by pY, Aq. Recall that a divisor D that is optimal for cappY,Aqpxq is also
optimal for c
alg
kpxqpY, Aq where kpxq is the largest integer k such that c
alg
k
pY, Aq ď x (or such that
c
alg
k
pY, Aq “ x). Note that such D is then optimal for the optimisation problems for all calg
k
pY, Aq
such that c
alg
k
pY, Aq “ x. Let x0 P Zě0 be such that the recursion from Lem. 4.13 holds for all
x ě x0. Let k0 P Zě0 such that calgk pY, Aq ě x0 for all k ě k0. Without loss of generality choose k0
such that
tcalg
k
pY, Aq : k ě k0u “ ts ` jA2 : s P SpY, Aq, j ě Ju
for some J P Zě0 as in Cor. 4.6. Choose ki ě k0 such that calgki pY, Aq ” si modA
2 for each
si P SpY, Aq. Set xi “ calgki pY, Aq and let Di be optimal for cappY,Aqpxiq. Thenwe see from Lem. 4.13
that Di ` jA is optimal for cappY,Aqpxi ` jA2q and in particular that Di ` jA is optimal for all the
optimisation problems for c
alg
k
pY, Aq such that calg
k
pY, Aq “ xi ` jA2. Since this covers all values
of c
alg
k
pY, Aq for k large by Cor. 4.6 we see that optimisers for calg
k
pY, Aq for all sufficiently large k
can be chosen to take the form Di ` jA where i is such that calgk pY, Aq ” si modA2. 
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4.3. Tightly-constrained polarised surfaces. We will show the following theorem, which will
help establish [34, Conj. 5.7] by characterising when pY, Aq is tightly constrained.
Theorem 4.16. Let pY, Aq be a pseudo-polarised smooth surface with A a Z-divisor. Then
gappY, Aq “ inf
DPN1pYqZ
tD ¨ A : D ¨ A ą 0u
Observe that since the map N1pYqZ Ñ Z, D ÞÑ D ¨ A is a group homomorphism the quantity
infDPN1pYqZtD ¨ A : D ¨ A ą 0u is the positive generator of the image of this homomorphism.
Proof. Let p “ infDPN1pYqZtD ¨ A : D ¨ A ą 0u. It is clear that gappY, Aq ě p. For the converse
inequality, suppose that D˚ is a Z-divisor witnessing the infimum; so D˚ ¨ A “ p. Consider the
optimisation problem
cappY,Aqpxq “ 1`
1
2
maxtIpDq : D ¨ A ď xu
We claim that for any x P Zě0 such that there exists k P Zě0 with calgk pY, Aq “ x we have that
an optimiser D for cappY,Aqpxq must satisfy D ¨ A “ x. Suppose not; let D be an optimiser with
D ¨ A ă x. By definition p divides x ´ D ¨ A. Let x ´ D ¨ A “ pm and consider the Z-divisor
D1 “ D ` mD˚. We compute
D1 ¨ A “ x and IpD1q “ IpDq ` 2mD ¨ D˚ ` IpmD˚q
Notice that a nef Z-divisor that is optimal for cappY,Aqpxq for some x P Zě0 is also optimal for
c
alg
kpxqpY, Aq where kpxq is the largest index k such that c
alg
k
pY, Aq ď x. Lem. 4.15 implies that
D “ Di ` jA where Di comes from a finite list of Z-divisors that is independent of x. When x is
sufficiently large – and hence j is also large – it is easy to see that D1 is effective. We compute
D ¨ D˚ “ Di ¨ D˚ ` j
which is positive when x is sufficiently large. Therefore,
D1 ¨ A “ x and IpD1q ą IpDq
and sowe see thatD is not optimal for cappY,Aqpxq. Hence,when x P Zě0 is such that c
alg
k
pY, Aq “ x
for some k P Zě0, optimisers D for cappY,Aqpxq must have D ¨ A “ x. For x “ c
alg
k
pY, Aq, observe
that there exists k with c
alg
k
pY, Aq “ x ` p when x is sufficiently large. This is true since, if D
optimises c
alg
k
pY, Aq, then pD ` D˚q ¨ A “ calgk pY, Aq ` p and, IpD ` D˚q ą 2k from the previous
index calculation when x is sufficiently large. It follows that for all x P Zě0
cappY,Aqpx ` pq ą cappY,Aqpxq
and so gappY, Aq ď p. 
Corollary 4.17. Let pY, Aq be a pseudo-polarised smooth surface with A a real multiple of a Z-divisor.
Then pY, Aq is tightly constrained if and only if
inf
DPN1pYqZ
tD ¨ A : D ¨ A ą 0u “ 1
Proof. The result follows immediately from Thm. 4.16 when A is a Z-divisor. Suppose A “ qA0
as above. As discussed previously, gappY, Aq “ q ¨ gappY, A0q and
gappY, A0q “ inf
DPN1pYqZ
tD ¨ A0 : D ¨ A ą 0u
by Thm. 4.16 since A0 is a Z-divisor. Notice that the infimum also scales linearly with A and so
gappY, Aq “ q ¨ gappY, A0q “ q ¨ inf
DPN1pYqZ
tD ¨ A : D ¨ A0 ą 0u “ inf
DPN1pYqZ
tD ¨ A : D ¨ A ą 0u
which gives the result. 
21
Corollary 4.18. Suppose that pY, Aq is a pseudo-polarised smooth surface with A a real multiple of a
Z-divisor. For sufficiently large k we have c
alg
k`1pY, Aq ´ c
alg
k
pY, Aq P t0, gappY, Aqu.
Proof. First write A “ qA0 for some nef Z-divisor A0 and let p “ gappY, A0q. Then, since
c
alg
k
pY, A0q P Z, by definition of the gap there exists k0 such that k ě k0 implies 0 ď calgk`1pY, Aq ´
c
alg
k
pY, Aq ď p. By the infimum expression of gappY, A0q in Thm. 4.16 we must then have
c
alg
k`1pY, Aq ´ c
alg
k
pY, Aq P t0, pu for all k ě k0. The result for A then follows by linearity in q. 
4.4. Asymptotics for singular toric surfaces. We consider pseudo-polarised singular surfaces.
The continuity results of §3.2 allow us to extend the algebraic Weyl law to singular toric surfaces.
Proposition 4.19. Suppose pY, Aq is a pseudo-polarised toric surface. Then
lim
kÑ8
c
alg
k
pY, Aq2
k
“ 2A2
If A is not irrational then
lim sup
kÑ8
e
alg
k
pY, Aq “ gappY, Aq ` 1
2
KY ¨ A and lim inf
kÑ8
e
alg
k
pY, Aq “ 1
2
KY ¨ A
Proof. Let π : rY Ñ Y be a toric resolution. By Prop. 3.5 we have
c
alg
k
prY , π˚Aq “ calg
k
pY, Aq
and the result follows from Thm. 4.2 and Thm. 4.10. 
After fully capturing the sub-leading asymptotics for non-irrational divisors we also show
that ekpY, Aq is bounded above when A is irrational in many cases. It would be interesting to
identify if any pseudo-polarised surfaces pY, AqwithA irrational have the property that ealg
k
pY, Aq
is convergent for applications to symplectic geometry [21, Conj. 1.5].
Proposition 4.20. Suppose pY, Aq is a smooth or toric pseudo-polarised surface. If Y is smooth assume
´KY is effective. Then
e
alg
k
pY, Aq ď sup
∆
∆ ¨ A
where the supremum ranges over the compact set of boundaries up to numerical equivalence on Y. In
particular, ekpY, Aq is bounded above for any such pseudo-polarised surface pY, Aq.
We will use the fact that, as a difference of two continuous functions, e
alg
k
pY, Aq viewed as a
function of A is continuous on the big cone of Y.
Proof. We start by supposing that Y is smooth and that A is a Z-divisor. We estimate c
alg
k
pY, Aq
usingZ-divisors of the form dA for some d P Z. Set´KY “ cA`other terms using an orthogonal
basis from the Hodge index theorem, which gives
c
alg
k
pY, Aq ď
»———
¨˝
´ c
2
`
d
c2
4
` 2k
A2
‚˛A
fiffiffiffi ¨ A “
¨˝
´ c
2
`
d
c2
4
` 2k
A2
‚˛A2 ` ∆ ¨ A
for some boundary ∆. Using the fact that ´KY is effective and hence c ą 0 we bound the error
e
alg
k
pY, Aq ď
¨˝
´ c
2
`
d
c2
4
` 2k
A2
´
c
2k
A2
‚˛A2 ` ∆ ¨ A ď ∆ ¨ A ď sup
∆
∆ ¨ A
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where the supremum ranges over the compact set of all boundaries on Y. Observe that this
estimate scales linearly with A and so, for A a Q-divisor with ℓA a Z-divisor for some ℓ P Zą0,
we have
e
alg
k
pY, Aq “ 1
ℓ
e
alg
k
pY, ℓAq ď 1
ℓ
sup
∆
∆ ¨ ℓA “ sup
∆
∆ ¨ A
Let A be an R-divisor and choose a sequence An ofQ-divisors converging to A such that A´An
is nef for each n. Note that An ¨ ∆ ď A for each boundary ∆ and so
e
alg
k
pY, Aq “ lim
nÑ8
e
alg
k
pY, Anq ď lim
nÑ8
sup
∆
∆ ¨ An ď sup
∆
∆ ¨ A
as required. The singular toric case follows from continuity using Prop. 3.5. 
Following [21, Rmk. 1.15] on the symplectic side, we conjecture that actually e
alg
k
pY, Aq ď 0 at
least for all pseudo-polarised rationalQ-factorial surfaces with ´KY effective.
Lastly, we distill when pY, Aq is tightly-constrained in the toric setting.
Proposition 4.21. Let pY, Aq be a pseudo-polarised smooth toric surface. Then pY, Aq is tightly constrained
if and only if A is a primitive Z-divisor.
Proof. Let p “ infDPN1pYqZtD ¨ A : D ¨ A ą 0u, and let Ω “ PpAq. Notice that A is primitive and
Cartier if and only if all its edge lengths are integral and
gcdtℓZ2peq : e P EdgepΩqu “ 1
In this case there exist integers taeuePEdgepΩq such that
ř
ePEdgepΩq aeℓZ2peq “ 1. It follows that the
divisor D “ řePEdgepΩq ae De has D ¨ A “ 1, where De is the prime divisor on Y corresponding
to the edge e. Thm. 4.16 implies that gappY, Aq “ 1 and so pY, Aq is tightly constrained. The
converse is clear: if A “ qA0 for some q P Rą0 and for some primitive Z-divisor A0, then
c
alg
k
pY, Aq “ q ¨ calg
k
pY, A0q and so gappY, Aq “ q from the previous calculation. 
4.5. Presentations of the cap function. We discuss how to generalise [34, Thm. 1.1] to provide
presentations of the cap function of a polarised surface pY, Aq as a kind of Hilbert function or,
when Y is toric, as an Ehrhart function. In situations where there is a good Riemann–Roch
formula available – such as when Y has orbifold singularities and in particular when Y is toric –
this provides an explicit eventual expression for cappY,Aqpxq, often as a quasi-polynomial.
Proposition 4.22. Suppose that pY, Aq is a pseudo-polarised surface with Y either smooth or toric.
Suppose that A is a Cartier divisor on Y. Then there exist γ0, . . . , γA2´1 P Q such that, for sufficiently
large x P Zě0,
cappY,Aqpxq “
1
2A2
x2 ` ´KY ¨ A
2A2
x ` γi
where x ” i modA2. Equivalently,
cappY,Aqpi ` jA2q “ χpDi ` jAq ´ χpOYq ` 1
for each i “ 0, . . . , A2 ´ 1 and for sufficiently large j, where Di is from a finite list of divisors as in
Lem. 4.15. When Y is toric, this takes the form
cappY,Aqpi ` jA2q “ #tPi ` jPpAqu X Z2
for some finite list of polygons P0, . . . , PA2´1.
This expresses the cap function of pY, Aq as a ‘multigraded Hilbert function’ (resp. ‘mixed
Ehrhart function’ [16]) that counts sections (resp. lattice points) for linear combinations of divisors
(resp. polytopes).
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Proof. The explicit formula comes from the recursion from Cor. 4.14. The other formulations
follow from interpreting cappY,Aqpxq ´ 1 as the largest k such that c
alg
k
pY, Aq ď x, which is given
respectively by the Euler characteristics or the lattice point counts. 
We can use Prop. 4.22 to compute cappY,Aqpxq explicitly in cases when A is a Q-divisor or a
Q-CartierZ-divisor, and non-explicitly whenA is a realmultiple of aZ-divisor as in [34, Ex. 5.11].
5. ECH and algebraic capacities
Embedded Contact Homology (ECH) gives strong obstructions to the existence of symplectic
embeddings. We will briefly summarise the theory – largely from [20] – and deduce results in
ECH that follow from our understanding of algebraic capacities.
5.1. Review of ECH. ECH is a symplectic model for Seiberg–Witten Floer homology, assigning
a chain complex ECCpY, λ, J, Γq of Z{2-vector spaces to the data:
‚ a contact 3-manifold pY, λqwith λ generic,
‚ a generic almost-complex structure J on Y ˆR,
‚ Γ P H1pYq
The homology of this chain complex is the Embedded Contact Homology ECHpY, λ, Γq, which is
independent of J as suggestedby the notation. There is a degree´2map U on ECHpY, λ, 0q and a
filtration by the symplectic action. The differential decreases action and so there is a well-defined
filtration ECHLpY, λ, 0q on homology. One defines
ckpY, λq :“ inftL : Dη P ECHLpY, λ, 0qwith Ukη “ rHsu
If pX, ωq is a symplectic filling of pY, λq then we define the kth ECH capacity of pX, ωq by
cECH
k
pX, ωq :“ ckpY, λq
which one can show to be independent of the choice of λ. The ECH capacities satisfy several
properties similar to those from §2.5:
‚ (Monotonicity) If pX, ωq symplectically embeds into pX1, ω1q then
cECH
k
pX, ωq ď cECH
k
pX1, ω1q
‚ (Conformality) For each q P Rą0,
cECH
k
pX, qωq “ qcECH
k
pX, ωq
‚ (Disjoint Union) We have
cECH
k
p>pXi , ωiqq “ supř
ki“k
ÿ
cECH
ki
pXi , ωiq
As in the case of algebraic capacities we define the cap function of pX, ωq by
cappX,ωqpxq :“ #tk : cECHk pX, ωq ď xu
5.2. Toric domains. A class of spaces in which ECH is especially computable is toric domains.
Consider the moment map µ : C2 Ñ R2 for the standard compact 2-torus action on C2. Fix a
regionΩ Ď R2 and define
XΩ :“ µ´1pΩq
to be the toric domain associated to Ω. Cases of particular interest arise from putting additional
constraints onΩ.
Definition 5.1. We call Ω Ď R2...
‚ a convex domain if Ω Ď R2ě0 and the part of boundary away from the axes is the graph of
a concave non-increasing function.
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‚ a lattice (resp. rational) convex domain if Ω is a convex domain given by the graph of a
piecewise-linear function such that the vertices ofΩ lie in Z2 (resp.Q2).
‚ a rational-sloped convex domain ifΩ is a convex domain defined by the graph of a piecewise-
linear function such that the slopes of the boundary of Ω are rational.
‚ a concave domain if Ω Ď R2ě0 and the part of boundary away from the axes is the graph of
a convex function.
Figure 3. Convex domains in R2
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We show a rational convex domain in Fig. 3(a) and a lattice convex domain in Fig. 3(b). Note
that lattice, rational, or rational-sloped convex domains are convex polygons. When Ω has a
propertyP we say that XΩ is a ‘P toric domain’. For instance, whenΩ is a lattice convex domain
we say that XΩ is a lattice convex toric domain. Choi-Cristofaro-Gardiner–Frenkel–Hutchings–
Ramos and Choi–Cristofaro-Gardiner produce a combinatorial formulation to compute ECH
capacities for concave and convex toric domains. For a convex or concave domain Ω Ď R2 and a
vector v P R2 define theΩ-length
ℓΩpvq :“ v ˆ pv
where pv P BΩ is a point at which v is tangent to BΩ. If Λ is a convex polygon, we define the
Ω-perimeter ofΛ, ℓΩpBΛq, to be the sum of theΩ-lengths of the boundary edges ofΛ. WhenΛ is
a polygonwe define LΛ “ #ΛXZ2. WhenΛ is a convex domain we define pLΛ to be the number of
lattice points in the smallest rectangle containingΛminus the number of lattice points contained
in Λ.
Theorem 5.2 ( [6, Thm. 1.21] + [8, Cor. A.12]). Suppose Ω is a concave toric domain. Then
cECH
k
pXΩq “ maxtℓΩpBΛq : pLΛ “ k ` 1u
Suppose Ω is a convex toric domain. Then
cECH
k
pXΩq “ mintℓΩpBΛq : LΛ “ k ` 1u
Both extrema range over lattice convex domains Λ Ď R2.
Algebraic capacities are a substantial generalisation of this sort of optimisation problem de-
signed to compute ECH capacities with objects coming from a different context.
Let ∆a denote the triangle with vertices p0, 0q, pa , 0q, p0, aq.
Definition 5.3. LetΩ be a concave domain. The weight sequence wpΩq ofΩ is defined recursively
as follows.
‚ Set wpHq “ H and wp∆aq “ paq.
‚ Otherwise let a be the largest real number such that ∆a Ď Ω. This divides Ω into three
(possibly empty) pieces: ∆a ,Ω1,Ω2.
‚ If not empty, Ω1 and Ω2 are affine-equivalent to concave domains. Define wpΩq “
pa , wpΩ1q, wpΩ2qq.
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Note that wpΩq is finite if Ω is a real multiple of a lattice concave domain but will be infinite
in general. We define an analogous sequence for convex domains.
Definition 5.4. LetΩ be a convex domain. The weight sequence wpΩq of Ω is defined recursively
as follows.
‚ Let a be the smallest real number such that Ω Ď Bpaq.
‚ This divides ∆a into three (possibly empty) pieces: Ω,Ω1,Ω2.
‚ If non-empty, Ω1 and Ω2 are affine-equivalent to concave domains. Define wpΩq “
pa; wpΩ1q, wpΩ2qq using Def. 5.3.
We note that the first element of the weight sequence for convex domains is distinguished.
We consider all other terms of a weight sequence to be unordered and counted with repetition.
We depict the decompositions used to recursively define the weight sequence in Fig. 4, with the
concave case shown in Fig. 4(a) and the convex case in Fig. 4(b). In both cases we denote parts of
the boundary of the triangle ∆a by dashed lines.
Figure 4. Weight sequence decompositions
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5.3. Relating ECH capacities and algebraic capacities. The work of [4, 34, 35] establish strong
connections between ECH capacities and algebraic capacities. First, the algebraic capacities of
pY, Aq create obstructions to symplectic embeddings into pY, ωAq where ωA is the Poincaré dual
of A.
Theorem 5.5 ( [4, Thm. 1.3]). Suppose pY, Aq is a polarised smooth rational surface. If pX, ωq is a
star-shaped domain in R4 that symplectically embeds into pY, ωAq then
cECH
k
pX, ωq ď calg
k
pY, Aq
In particular, the algebraic capacities of Y are related to the ECH capacities of the complement
X “ Yz supppAq equipped with the restriction of ωA. It is conjectured that equality often holds
when Y is rational [4, Conj. 1.7]. One situation in which algebraic capacities have been seen to
equal ECH capacities is for rational-sloped convex toric domains.
Theorem 5.6 ( [34, Thm. 1.5]). Suppose Ω is a rational-sloped convex domain. Then
cECH
k
pXΩq “ calgk pYΩ , AΩq
where YΩ is the toric surface corresponding to the inner normal fan of Ω and AΩ is the ample R-divisor
on YΩ whose polytope is Ω.
We see that Ω is required to have rational slopes so that its inner normal fan is rational and
hence defines a toric surface. We note that identifying algebro-geometric versions of objects from
Seiberg–Witten theory – such as [5, 14] for Seiberg–Witten invariants – has often been seen to be
a fruitful line of inquiry. ECH makes substantial contact with Seiberg–Witten theory and so the
framework of algebraic capacities can be viewed in connection to this wider story.
Thm. 5.5 and Thm. 5.6 allows us to transport the results of this paper for algebraic capacities
into ECH.
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5.4. Tightly-constrained convex domains. We recall one of the key notions from [34] and apply
the technology of algebraic capacities developed in §4 to prove a conjecture from ibid.
Definition 5.7. We say that a convex domain Ω is tightly-constrained if there exists r0 such that
for all r ě r0 there is k with cECHk pXΩq “ r.
The value of this definition is that it defines a good setting to derive quasi-polynomial rep-
resentations for the cap function in ECH; c.f. [34, Thm. 1.1]. From Thm. 5.6 we see that Ω is
tightly-constrained if and only if pYΩ , AΩq is tightly-constrained according to Def. 4.8.
We define gcd S for some subset S Ď Rą0 as the largest t P Rą0 such that for each s P S there
exists n P Z with s “ tn. If no such t exists, we define gcd S “ 8. This recovers the usual gcd
for subsets of Z. The following conjecture was stated in [34].
Conjecture 5.8 ( [34, Conj. 5.7]). A convex lattice domain Ω is tightly-constrained if and only if
gcd wpΩq “ 1.
We denote by EdgepΩq the set of edges of a polygon Ω and we denote the lattice length of
an edge e P EdgepΩq by ℓZ2peq. We reduce the conjecture to a statement that does not involve
weight sequences, and that can hence be translated in terms of algebraic capacities.
Lemma 5.9. A lattice convex domain Ω is primitive if and only gcdwpΩq “ 1.
Proof. It is clear that gcdwpΩq ą 1 implies that Ω is not primitive. We induct on the length of
the weight sequence wpΩq to prove the converse. If wpΩq has length 1 the result holds, since
gcd wpΩq “ 1 if and only if wpΩq “ 1 in which case Ω is a primitive lattice triangle.
Suppose wpΩq “ pc; a1, . . . , ar ; b1, . . . , bsq. We consider the weight sequence
w1 “ pc; a1, . . . , ar ; b1, . . . , bs´1q
Let d “ gcd w1. LetΩ1 be the convex lattice domain with weight sequence
wpΩ1q “
ˆ
c
d
;
a1
d
, . . . ,
ar
d
;
b1
d
, . . . ,
bs´1
d
˙
By the inductive hypothesis this is a primitive lattice polygon. We have that w1 “ wpdΩ1q and
gcdtℓZ2peq : e P EdgepdΩ1qu “ d
The extra term bs in the weight sequence for Ωmeans that Ω is obtained from dΩ
1 by adding a
single additional edge. One can see that this edge has length bs ´ dm for some m P Zě0 and, as
gcdtbs , du “ 1 by the assumption gcd wpΩq “ 1, we have that the lattice length of this final edge
is coprime to the lattice lengths of the other edges in dΩ1 and soΩ is primitive as required. 
Proposition 5.10 ( [34, Conj. 5.7]). Suppose Ω is a real multiple of a lattice convex toric domain. Then
XΩ is tightly constrained if and only if Ω is a primitive lattice polygon. Equivalently, XΩ is tightly
constrained if and only if gcd wpΩq “ 1.
Proof. It is equivalent to show that the polarised toric surface pYΩ , AΩq is tightly-constrained if
and only if AΩ is a primitive Cartier divisor, which is exactly the content of Lem. 4.21 when YΩ
is smooth. If YΩ is not smooth, let π : rYΩ Ñ YΩ be a toric resolution of singularities. pYΩ , AΩq is
tightly-constrained if and only if the pseudo-polarised surface prYΩ , π˚AΩq is tightly-constrained
by Prop. 3.5. The polytope π˚AΩ is the same as the polytope of AΩ – both equal to Ω – and so
XΩ is tightly-constrained if and only if Ω is a primitive lattice polygon. 
We remark that while we expressly avoided weight sequences in order to prove Prop. 5.10
we predict that there is a good notion of weight sequences for algebraic capacities that recovers
weight sequences for convex domains; c.f. [2].
As mentioned, the motivation for the notion of tightly-constrained domains arose in [34] from
considering explicit quasi-polynomial expressions for the cap function of XΩ. With the extra
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insight of Lem. 4.21 we immediately obtain the following generalisation of [34, Thm. 1.1], proved
either via the methods of [34, §5] or directly from Prop. 4.22.
Theorem 5.11. Suppose Ω is a primitive lattice convex domain with Ω-perimeter λ. Then there exists
some x0 P Zě0 such that capXΩpxq is given by a quasipolynomial for all x P Zěx0 . More precisely, there
exist γ0, . . . , γλ´1 P Q such that
capXΩpxq “ ehrΩpxq ` γi “ h0pYΩ , xAΩq ` γi
when x P Zěx0 and x ” i mod λ.
As discussed in [34, Ex. 5.11], this also enables us to obtain quasipolynomial expressions for
the cap function of any rational convex toric domain. It also computes the cap function whenΩ
is a real multiple of a lattice convex domain but this will not be a quasipolynomial in general;
see [11].
5.5. Sub-leading asymptotics for ECH. We obtain counterparts in ECH to the previous results
of this paper on sub-leading asymptotics for algebraic capacities.
To begin, specialising Lem. 4.15 to toric surfaces gives the following.
Proposition 5.12. Suppose Ω is a real multiple of a lattice convex domain. Then there exists a finite list
of polygons P0, . . . , Pn Ď R2 such that, for sufficiently large k, the lattice convex domains corresponding
to optimisers for cECH
k
pXΩq are of the form Pi ` dΩ for some i and some d P Zě0.
This resolves the conjecture [34, Conj. 1.4].
Proof. It suffices to restrict to the case thatΩ is a lattice convex domain. WhenYΩ is a smooth toric
surface Lem. 4.15 implies that there exist divisorsD0, . . . , Dn such that optimisers for c
alg
k
pYΩ , AΩq
are of the form Di ` dAΩ for some i and some d P Zě0. The corresponding polygon optimisers
from [34, Thm. 1.5] for cECH
k
pXΩq are the polygons
PpDi ` dAΩq “ PpDiq ` dΩ
and so setting Pi “ PpDiq gives the result. The same continuity argument from Prop. 5.10 gives
the case when YΩ is singular and Ω is a lattice domain. 
Prop. 5.12 formalises the intuition that lattice paths computing cECH
k
pXΩq should increasingly
‘resemble’ the boundary of Ω as k becomes large, which comes from viewing the combinatorial
avatar of toric ECH as a type of isoperimetric problem [36].
An obvious obstruction to the existence of symplectic embeddings ι : pX, ωq Ñ pX1, ω1q is for
volpX, ωq ą volpX1, ω1q
The ECH capacities asymptotically recover this constraint by the celebrated Weyl law in ECH.
Theorem 5.13 ( [10, Thm. 1.1]). Suppose pX, ωq is a compact symplectic 4-manifold. Then
lim
kÑ8
cECH
k
pX, ωq2
k
“ 4 volpXq
Observe that Thm. 5.6 togetherwith Prop. 4.19 implies theWeyl law in ECH for rational-sloped
convex toric domains. A more far-reaching continuity argument in the spirit of Prop. 3.5 would
give the Weyl law in ECH via an algebraic argument for many more divisor complements using
extensions of the methods in §3.2 and [4, §2-3].
The Weyl law in ECH enables one to study the ‘sub-leading asymptotics’ of ECH capacities
via the error terms
ekpX, ωq :“ cECHk pX, ωq ´ 2
b
volpX, ωqk
There has beenmuch recent work to understand the asymptotics of ekpXq, which should provide
subtler numerical obstructions to the existence of symplectic embeddings; see [21, Cor. 1.13]
28 B. WORMLEIGHTON
and Cor. 5.15 below. We follow the convention of referring to a compact domain in R4 whose
boundary is smooth and transverse to the radial vector field as a ‘nice star-shaped domain’. Sun
in [32] showed that when pX, ωq is a nice star-shaped domain
ekpX, ωq “ Opk125{252q
and Cristofaro-Gardiner–Savale [12] improved this to ekpX, ωq “ Opk2{5q. The primary methods
used in extracting these asymptotics come from Seiberg–Witten theory. For the case of general
domains in R4 Hutchings [21] showed by more direct methods that ekpX, ωq “ Opk1{4q. The
author’s understanding is that the expectation for all pX, ωq is
ekpX, ωq “ Op1q
which these estimates are approaching. This is the case for all examples that have been computed.
We use Cor. 4.12 to compute the lim inf and lim sup of the error ekpXq for many non-generic
convex toric domains, in particular showing that ekpX, ωq is Op1q in these cases. We denote by
ℓZ2pvq the lattice length of a vector v P R2, and by ℓZ2pBΛq the lattice perimeter of a polygonΛ.
Proposition 5.14. Suppose Ω “ qΩ0 is a real multiple of a lattice convex domain Ω0. Then,
lim sup
kÑ8
ekpXΩq “ q ´ 1
2
ℓZ2pBΩqq and lim inf
kÑ8
ekpXΩq “ ´1
2
ℓZ2pBΩq
In particular, their midpoint is
q
2 ´ 12 ℓZ2pBΩq. When Ω is rational-sloped but not a real multiple of a
lattice convex domain we have that ekpXΩq is has an upper bound only depending on and continuously
varying with Ω. In particular, this bound is independent of k.
Proof. It follows from Cor. 4.12 that
lim sup
kÑ8
ekpXΩq “ gappYΩ , AΩq ` 1
2
KYΩ ¨ AΩ and lim inf
kÑ8
ekpXΩq “ 1
2
KYΩ ¨ AΩ
Suppose without loss of generality that Ω0 is a primitive lattice polygon. From standard toric
geometry
´KYΩ ¨ AΩ0 “ ℓZ2pBΩ0q
and from Prop. 5.10 we have gappYΩ , AΩ0q “ 1, which gives
lim sup
kÑ8
ekpXΩq “ q ¨ p1´ 1
2
ℓZ2pBΩ0qq and lim inf
kÑ8
ekpXΩq “ ´
q
2
ℓZ2pBΩ0q
and, using that both sides scale nicely with q, we reach
lim sup
kÑ8
ekpXΩq “ q ´ 1
2
ℓZ2pBΩqq and lim inf
kÑ8
ekpXΩq “ ´1
2
ℓZ2pBΩq
as required. The result forΩ not a real multiple of a lattice convex domain follows immediately
from Prop. 4.20. 
It would be interesting to interpret the upper bound from Prop. 4.20 combinatorially or
symplectically in this context. Observe that Prop. 5.14 generalises Hutchings’ calculation in [21,
Ex. 1.2] for Bpaq with q “ a and ℓZ2pBΩ0q “ 3. It also codifies the intuition that the sub-leading
asymptotics of cECH
k
pXΩq should contain information about the perimeter ofΩ. As a consequence
we get the following embedding obstruction.
Corollary 5.15. Suppose Ω,Ω1 are convex domains that are real multiples of lattice convex domains and
that have the same volume. Suppose that the open toric domain X˝
Ω
symplectically embeds in XΩ1 . Then
ℓZ2pBΩq ě ℓZ2pBΩ1q.
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Proof. Since X˝
Ω
symplectically embeds into XΩ1 we have c
ECH
k
pXΩq ď cECHk pXΩ1q for all k. Thus,
since the volumes of Ω andΩ1 are the same,
´1
2
ℓZ2pBΩq “ lim inf
kÑ8
ekpXΩq ď lim inf
kÑ8
ekpXΩ1q “ ´1
2
ℓZ2pBΩ1q
and so we must have ℓZ2pBΩq ě ℓZ2pBΩ1q. 
Compare this to [21, Cor. 1.13]. The adjacent remark [21, Rmk. 1.14] shows that this is not a
vacuous embedding constraint. In the same paper Hutchings considers the ‘Ruelle invariant’
RupX, ωq of a nice star-shaped domain in R4. We will not recall the fairly involved definition of
the Ruelle invariant here, and instead refer the reader to [21, §1.2]. Its relevance to sub-leading
asymptotics in ECH comes from the following conjecture and theorem of Hutchings.
Conjecture 5.16 ( [21, Conjecture 1.5]). If pX, ωq is a ‘generic’ nice star-shaped domain in R4 then
lim
kÑ8
ekpX, ωq “ ´1
2
RupX, ωq
Theorem 5.17 ( [21, Theorem 1.10]). This conjecture is true whenever pX, ωq is a ‘strictly’ convex or
concave toric domain.
A strictly convex toric domain is a convex toric domain arising fromΩ Ď R2 where the upper
part of the boundary ofΩ is the graph of a function f with f 1p0q ă 0 and f 2 ă 0. The definition
of ‘strictly concave’ is similar. As mentioned, the cases we treat in Prop. 5.14 are complementary
to those considered by Hutchings as our convex domains are non-generic. Observe that when Y
is a weighted projective space of the form Pp1, r, sq and A “ Opdq the algebraic Ruelle invariant
agrees with the symplectic Ruelle invariant for the corresponding convex toric domain: the
ellipsoid
E
ˆ
d
s
,
d
r
˙
That said, it is currently unclear how to relate the algebraic and symplectic Ruelle invariants in
a meaningful, geometric way.
5.6. Bounds on error terms. Fix a star-shaped domain pX, ωq in R4. Let Y be a smooth rational
surface or a possibly singular toric surface equipped with the symplectic form ωA Poincaré dual
to an ample R-divisor A on Y. If there exists a symplectic embedding ι : pX, ωq Ñ pY, ωAq then
Thm. 5.5 implies
cECH
k
pX, ωq ď calgpY, Aq
If moreover volpX, ωq “ volpY, ωAq then
ekpX, ωq ď ealgk pY, Aq
We have seen from Prop. 4.20 that lim supkÑ8 e
alg
k
pY, Aq is finite so long as either A is a real
multiple of a Z-divisor, Y is toric, or Y is smooth with´KY effective, and hence in these cases we
obtain
lim sup
kÑ8
ekpX, ωq ă 8
In particular, this applies if pX, ωq is symplectomorphic to a divisor complement
pYz supppAq, ωA|Yz supppAqq
for Y as above with some ample R-divisor A on Y. In these cases we also have the explicit upper
bound from Prop. 4.20.
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6. Minimal hypersurfaces and algebraic capacities
Wewill describe the connection of algebraic capacities to minimal (hyper)surface theory. One
of the fundamental tools in sourcing and studyingminimal hypersurfaces – for example in Song’s
recent proof [31] of Yau’s conjecture – is min-max theory. Some of the principal objects in this
theory are min-max widths, which have many striking similarities to capacities in symplectic
geometry. To define these widths, we require the notion of a p-sweepout. These are continuous
maps
Φ : X Ñ Z1
where X is a finite-dimensional simplicial complex and Z1 is a certain topological space of codi-
mension oneZ{2-chains on M, satisfying a nondegeneracy condition. Z1 is homotopy equivalent
to RP8; denote its Z{2-cohomology ring by Z{2rλs. With this notation, the nondegeneracy con-
dition for p-sweepouts is that pΦ˚λqp ­“ 0. We refer to [31, §2.3] for an actual definition. One
should imagine a p-sweepout as being a formal generalisation of a p-dimensional family of hy-
persurfaces in M. To a p-sweepout Φ one can associate its mass functionMΦ : X Ñ R given at x
by taking the g-area of the chain Φpxq.
The pth min-max width for a compact Riemannian manifold pM, gq is then
ωppM, gq :“ inf
Φ
suptMΦpxq : x P dompΦqu
where the infimum ranges over p-sweepouts Φ with ‘no concentration of mass’ (see [31, §2.3]),
and domΦ is the domain of Φ. This infimum should essentially be achieved by the g-area of a
minimal hypersurface, hence the application to problems such as Yau’s conjecture.
One can make a similar construction for p-sweepouts of codimension two, in which one uses
a space Z2 of codimesion two Z{2-chains, which is homotopy equivalent to CP8. This produces
codimension two min-max widths
ω2ppM, hq
defined similarly to the min-max widths above. The central example for our context is the
following.
Example 6.1. Suppose M is a smooth complex projective algebraic variety equipped with an
ample divisor A. Let D be a nef (or big) divisor with h0pDq “ p ` 1. This defines a (real) codi-
mension two p-sweepout for M by pulling back the hyperplane sections of M in the morphism
to Pp by the linear system |D|.
In particular, it follows that the codimension two min-max weights in this situation satisfy
ω2ppM, gq ď calgp pM, Aq
where g is the metric corresponding to A. It is conceivable that this is actually an equality,
and that further ties are present between the theory of minimal hypersurfaces and algebraic
capacities. As was the case for ECH capacities, algebraic capacities are often more computable –
when the nef cone is well-behaved – or at least provide readily available estimates.
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